The linear stability of single-and double-barred coasts is studied. For a single-barred beach, the wavelength of the fastest growing mode increases with increasing trough width. The maximum growth rate itself decreases with increasing distance between the shore and the crest of the bar. The spatial structure is an undulating pattern and is independent of the alongshore wavelength of the perturbation. These results show good qualitative agreement with a previous study. The stability of double-barred beaches is studied, fixing the alongshore wavelength, with the focus on the sensitivity of the growth rate and the spatial pattern to two geometrical parameters, viz. the crest height of the outer breaker bar and the distance between the crests of the two breaker bars. The spatial structure at the position of the inner bar is similar to the undulating pattern found in the single-barred experiments. The amplitude of the perturbation on the outer breaker bar depends on the distance between the breaker bars and on the height of the outer breaker bar.
INTRODUCTION
At many places along the Dutch coast structural erosion of the beach occurs due to longshore gradients in the longshore sediment transport ( Van Rijn, 1997) . To maintain a coast with soft-engineering measures, conform the decision of the Dutch government in 1990, two types of sand nourishments can be used: beach and shoreface nourishments. With the first type of nourishment sand is directly supplied to the beach. With shoreface nourishments sand is deposited on the shoreface, assuming that natural processes transport the sand towards the coast. This latter type of nourishment has become increasingly popular because of its lower costs due to less handling of sand, since no pumping facilities are needed to transport the dredged sand from the dredger towards the beach. However, the behavior of shoreface nourishments is not fully understood and consequently their efficiency can not be predicted.
The underlying objective of the present research is to get a better understanding of the morphological behavior of shoreface nourishments by considering such nourishments as a perturbation of an alongshore-uniform coast in morphodynamic equilibrium. To be able to discern and understand the influence of a shoreface nourishment on the morphodynamic development of a coast in morphodynamic equilibrium, the so-called free behavior of this coastal system has to be known. The free behavior of barred coasts is the focus of this paper. The free behavior can be studied using a linear stability analysis (LSA). This analysis results in spatially varying bottom patterns that can grow in time and migrate. However, LSA is restricted to small amplitude behavior only. When the amplitude of the perturbation becomes too large, non-linear processes start to dominate the morphological behavior and, consequently, a linear approach is no longer valid. In order to study the finite amplitude behavior of a barred coastal system, a non-linear morphological model has to be developed. This will be done in a later phase of this research.
Most of the previous stability studies were dedicated to the stability of plane sloping beaches, e.g. Hino (1974) , Christensen (1994) , Falqués et al. (1996 Falqués et al. ( , 2000 and Ribas et al. (2002) . The only LSA's concerning a barred beach were performed by Deigaard et al. (1999) and Drønen and Deigaard (2000) . In the latter study, the non-linear behavior was studied as well. The studies concerning barred beaches dealt with single-barred beaches only. In general, the Dutch coast can be characterized as a double-barred coast. Therefore, in order to study the Dutch coastal system, it is necessary to extend these LSA's to those for a double-barred beach.
In the next section, the model equations and boundary conditions are introduced. A short introduction to the concept of linear stability is given as well. Contrary to many other LSA's, the present analysis is performed with help of a numerical model that is used to compute the stationary wave-driven current pattern. Before discussing the linear stability of barred coasts, the mechanism that can lead to growth of a perturbation is described. To validate the model outcomes, the linear stability of single-barred beaches is studied. The results were compared with those of Deigaard et al. (1999) . In Deigaard et al. (1999) , LSA of single-barred beaches has been performed with the same method as used in this paper. Their results are therefore very suitable for a qualitative validation of the present results. After this validation, the stability of double-barred beaches is studied for a perturbation with a fixed alongshore wavelength. The sensitivity of the growth rate and the spatial structure of a perturbation to two parameters, viz. crest height of the outer breaker bar and distance between the crests of the outer and inner breaker bar, is discussed. Finally, the conclusions of this study are drawn.
MODEL DESCRIPTION AND METHOD
The geometry that will be considered is that of an alongshore-uniform coast. The coastline is fixed, whereas the bed is erodible. Propagation, refraction and breaking of obliquely incident short waves are computed with the HISWA wave model (Holthuijsen et al. 1989 ) based on the wave energy conservation equation
in which E is the wave energy, g c the wave group velocity vector and D w the wave energy dissipation term. Irregular waves with a significant wave height of 1.1 m, a peak period of 6 s and an angle of incidence of 20° are imposed on the seaward boundary of the wave model. The water motion is described by the depth-averaged shallow water equations, consisting of the momentum equations
and the mass conservation equation
In these equations, u is the current velocity vector, t the time, g the gravitational acceleration, z s the water level, τ the shear stress vector, ρ the water density, D the total water depth, F the wave force vector and ν the turbulent eddy viscosity. As flow boundary conditions the longshore current velocities on the shore-perpendicular boundaries are prescribed. These velocities follow from the wave-driven longshore current. On the seaward, shore-parallel boundary a zero water level is prescribed. Note that the water motion is only forced by the radiation stresses. A Manning friction formulation with a Manning coefficient n of 0.026 m 1/3 s is used to compute the bed shear stress. The turbulent eddy viscosity was set to 1 m 2 s -1 . The bed evolves due to convergence and divergence of sediment fluxes, which are computed with a simple sediment transport formula:
This formulation accounts for stirring due to short waves and bed slope related transport.
The wave stirring parameter α(x) is assumed to be proportional to the squared wave height.
In this phase of the study we preferred the advantage of a simple and transparent sediment transport formula. The value of the bed slope related sediment transport parameter γ has been taken from Ribas et al. (2002) and has been uniformly set to one. Furthermore, the exponent m has been set to one as well, representing a situation in which the wave orbital velocity is dominant over the mean velocities. The present method of studying the linear stability of a coast is very suitable to use more complex sediment transport formulations as well.
This system of equations allows for a morphological equilibrium solution Φ = Φ eq , with Φ = Φ(u,v,D). It is not clear whether or not this morphological equilibrium is stable. Therefore a LSA is performed. This means that the solution Φ = Φ eq + Φ' is substituted in the equations with a perturbation Φ' much smaller than Φ eq . Next, the system of equations is linearized with respect to the perturbations. This results in an eigenvalue problem. Focussing on the bed perturbations, it can be shown that
in which h' is the bed perturbation, A i (x) the complex cross-shore amplitude function (eigenfunction), k the alongshore wave number, ω the complex angular frequency (eigenvalue) and i the imaginary unit. The alongshore wave number can be chosen freely, whereas the cross-shore amplitude function and the complex eigenvalue are part of the solution. The imaginary part (ω i ) of the complex eigenvalue represents the growth rate of the perturbation and the real part (ω r ) the alongshore migration of the perturbation.
Since the water motion is calculated with a fully non-linear, process-based model a formal linearization can not be performed. In order to mimic the linear system, the amplitude of the perturbation should be chosen sufficiently small, hence non-linear terms are negligible in the equations. In practice this is realized by choosing a perturbation amplitude that is not larger than 1% of the water depth.
An iteration process has to be used to find the solution with the largest positive real part of the eigenvalue, i.e. the solution that initially grows fastest. In order to start the iteration process, we need to make a first guess of the cross-shore amplitude function of the perturbation. It was verified that the final solution is independent of the initially chosen cross-shore amplitude distribution. During every iteration the bed perturbation is derived from a Fourier analysis retrieving the cross-shore amplitude function A i , which only contains the changes of the perturbation related to the wave number k. This amplitude distribution is rescaled such that the amplitude is again smaller than 1% of the local water depth. Based on the previous cross-shore amplitude A i-1 (x) of the perturbation and the newly computed one, A i (x), an estimate for the complex eigenvalue ω is obtained. This estimate is based on the Rayleigh quotient (Griffel, 1985) :
in which * denotes the complex conjugate. This Rayleigh quotient gives the largest eigenvalue. However, we are interested in the largest growth rate, which is the real part of R. Constructing a new perturbation for every iteration, based on the results of the last iteration, the eigenvalues that are found will converge towards the eigenvalue with the largest growth rate. This iterative method of solving an eigenvalue problem is known as the Power Method. The accuracy criterion for convergence has been set to 1%. If both the real and the imaginary part of the eigenvalue change less than 1% with respect to those previously computed, the iteration process is assumed to have converged. In that case, A i (x) is the eigenfunction, describing the spatial structure of the fastest growing mode.
INSTABILITY MECHANISM
In this section the mechanism resulting in the damping or growth of a small perturbation on a barred coast is discussed. This analysis is analogous to Falqués (2000) . We consider an alongshore-uniform coast with a single bar that is in morphological equilibrium. A small perturbation is imposed on this equilibrium. In this analysis, the water motion is solely caused by perpendicular incident waves, hence the water motion consists of circulation patterns without a mean longshore current. In the following two sections, however, the system is forced by obliquely incident waves. The corresponding flow pattern is a meandering longshore current, which can be seen as a pattern of circulation cells superposed on an alongshore-uniform longshore current. Figure 1 shows two cross-sectional views: one through a shoal and one a channel. Depth-averaged cross-shore velocities at two locations in the cross-section have been sketched as well. Figure 1 . Onshore flow over a shoal and offshore flow over a channel.
Assuming a constant discharge per unit width in the cross-shore vicinity of the perturbation, it follows from continuity that onshore current velocities increase towards the shore and offshore current velocities decrease in offshore direction. Sediment transport is a linear function of the current velocity including a stirring coefficient α, q = αu. This means that the bed level changes can be written as:
in which indices t and x denote the derivatives with respect to time and x, respectively.
Two formulations for α are discussed hereafter. In the first form α is independent of x. This means that the first term of the right-hand-side of Eq. 7 is zero. Since both α and u x are positive in case of the onshore flow over a shoal, h t is always negative, which implies erosion of the shoal. In case of offshore flow over a channel u x is negative, thus h t is positive, which means accretion of the channel. Concluding we can say that this system returns to its equilibrium state.
In the second formulation, α scales quadratically with the wave height. Considering the onshore flow over a shoal, the first term on the right-hand-side of Eq. 7 is non-zero and α x is negative, while α, u and u x are positive. In this case a growing shoal (h t >0) requires:
A similar analysis, with the same result, applies for offshore flow over a channel. Hence, for an instability to grow, it is essential that the gradient in the wave stirring α(x) is sufficiently large.
SINGLE-BARRED COAST
In this section the linear stability of a single-barred beach is investigated. The crossshore profile is defined by a number of geometrical parameters, see Figure 2 . These geometrical parameters are the bar crest level z c1 , the trough level z t1 , the slope s of the seaward part of the bar, the distance between the waterline and the trough w t1 , the distance between the trough and the crest w c1 and the sum of the latter two, i.e. the distance w b1 between the waterline and the crest of bar. In this study z = 0 is defined at MSL with the positive direction upwards, see also Figure 1 . Figure 2 . Definition of geometrical parameters of single-barred profiles.
Two cross-shore profiles are used in this analysis. These two profiles differ in the distance w b1 between the shoreline and the crest of the bar, see Figure 3 . The reference experiment of this analysis is a single-barred beach with s = 0.01, z t1 = -2 m, z c1 = -1 m and w b1 = 160 m, see also Table 1 . The latter distance is built up by w t1 = 100 m and w c1 = 60 m. This cross-shore profile, drawn with a solid line and referred to as Experiment 1A, is based on coast near Egmond, the Netherlands, taking only the inner bar into account. The depth at the beach has been set to 0.4 m.
In order to study the sensitivity of the growth and migration rates and the preferable wavelength to w b1 , a second shore profile with w b1 = 260 m (w t1 = 150 m and w c1 = 110 m) has been used. The profile of this experiment, Experiment 1B, is represented by the dashed line in Figure 3 . The results of the stability analysis, as far as the growth and migration rates are concerned, are presented in Figure 4 . In this figure, the growth and migration rates of the fastest growing mode per wavelength have been plotted as a function of the wavelength. The migration rates plotted are scaled with the wave number (ω r /k). It can be clearly observed that both the growth and migration rates show a maximum for both profiles and that the growth rates are positive for all investigated wavelengths. The direction of migration of the perturbation is in down-current direction.
The spatial structure of the perturbation, which does not change with changing wavelength, is presented in Figure 5 . The spatial structure can be characterized as an undulating pattern in the alongshore direction. In the cross-shore direction the spatial pattern has the largest amplitude on top of the bar crest and a smaller amplitude with opposite sign on the seaward slope of the breaker bar. The spatial patterns in both experiments are qualitatively the same. The influence of w b1 on the spatial pattern is limited to the cross-shore extent of the perturbation: the larger w b1 , the larger the cross-shore extent. The presented results show good qualitative agreement with Deigaard et al. (1999) . Increasing the distance between the shoreline and the crest of the bar leads to an increased preferable wavelength, while the maximum growth rate decreases. Deigaard et al. (1999) suggested that the increased preferable wavelength is caused by the increased effect of inertia of the longshore current due to the larger volume of the trough. Regarding the decreased growth rate, we suggest that this is caused by the milder slope of the shoreward part of the bar (horizontal distance increased, while crest and trough levels did not change). The shape of the perturbation in both experiments is comparable with the spatial structures described in Deigaard et al (1999) .
However, a quantitative comparison of the growth and migration rates and the preferable wavelength with the ones of Deigaard et al. (1999) is difficult to make, since the sediment transport formulations are rather different. In the present study wave stirring is parameterized with α(x), which is proportional to the squared wave height. In Deigaard et al. (1999) , stirring due to short waves is based on an actual computation of the bottom shear stress. They also take lag-effects in the suspended sediment concentration into account.
DOUBLE-BARRED COAST
This section discusses the stability of double-barred coasts. The double-barred profiles, representative of the Dutch coast, are defined with a number of parameters. These parameters are shown in Figure 6 . In addition to the parameters already defined in the previous section (the parameters with index 1, from now on referring to the inner bar), five new parameters are defined. The additional parameters are the outer trough level z t2 , the outer bar crest level z c2 , the distance between the inner bar crest and the outer trough w t2 , the distance between the outer trough and the outer bar crest w c2 and the sum of the latter two, i.e. the distance w b2 between the two bars. Besides, the slope s now refers to the slope of the seaward part of the outer breaker bar and has been set to 0.01, like in the experiments with the single-barred beach. Figure 6 . Definition of geometrical parameters of double-barred profiles.
The study into the linear stability of double-barred beaches focuses on the influence of z c2 and w b2 on the growth rate and the spatial pattern. Five different profiles are used, which are shown in Figure 7 . The profile of Experiment 2A is considered as the double-barred reference profile, with the dimensions of the inner bar and trough equal to the dimensions of the single-barred beach of Experiment 1A. In the left panel of Figure 7 the profiles of the reference Experiments 1A and 2A are drawn, together with the profiles of Experiments 2B and 2C, in which the distance between the two bars has been varied. The right panel of Figure 7 presents the reference profiles and the profiles of Experiments 2D and 2E, in which the height of the outer breaker bar has been varied. The geometrical parameters of the five double-barred profiles are summarized in Table 1 . Only the parameters differing from the settings of Experiment 2A are included. A stability analysis has been performed for a fixed wavelength. This wavelength corresponds to the preferable wavelength of Experiment 1A, viz. 700 m. In Table 2 the growth and migration rates of the five double-barred profiles and the single-barred profiles are tabulated. The upper-right panel of Figure 8 shows the plan view of the spatial structure of the perturbation of Experiment 2A. The spatial structure at the position of the inner breaker bar is an undulating pattern, resembling the pattern found in Experiments 1A and 1B (see Figure  5 ). The plot also shows that the amplitude of the perturbation on the outer bar is negligible. The upper-left panel of Figure 8 presents the cross-shore amplitude distribution of Experiments 2A, 2B and 2D and confirms this observation. Since the results of Experiments 2A, 2C and 2E concerning the spatial pattern, are qualitatively the same, only the crossshore amplitude distribution of 2A is shown. As Table 2 shows, the growth rate of Experiment 2A is considerably higher than those in the single-barred experiments. The reason for this might be attributed to differences in the steepness of the seaward slope of the inner breaker bar, following the suggestion made in the previous section. In this experiment the seaward slope of the inner breaker bar is steeper than that slope in Experiments 1A and 1B. The influence of the distance between the two breaker bars can be discerned from the two middle panels of Figure 8 . In Experiment 2B, with a relatively small distance between the two breaker bars, one can see that at the position of the outer breaker bar a perturbation with considerable amplitude is present. The sign of that amplitude is opposite to the sign of the perturbation on the seaward slope of the inner bar. Besides, the perturbation on the outer bar is shifted in phase with respect to the perturbation on the inner breaker bar. Since the height of the outer bar did not change with respect to Experiment 2A, it must be concluded that the perturbation on the outer bar is caused by currents on the inner bar, extending to the outer bar. In Experiment 2C no perturbation on the outer bar evolves, while the perturbation on the inner bar is undulating and slightly asymmetrical and extends over a larger cross-shore area than the perturbation on the inner breaker bar of Experiment 2B. The growth rate obtained in Experiment 2B is larger than the one of Experiment 2A, whereas the growth rate of the perturbation of Experiment 2C is smaller than the growth rate of Experiment 2A. This is in agreement with previous observations that the growth rates decrease with increasing trough width (milder slopes). The presence of a perturbation on the outer bar, caused by circulation patterns around the inner bar extending to the outer bar, does not change this behavior.
The lower two panels of Figure 8 demonstrate the influence of the variation of the height of the outer breaker bar. In Experiment 2D, in which the height of the bar has been increased, perturbations on both the inner and outer bar are visible. The upper-left panel of Figure 8 shows that the amplitude at the outer bar is even higher than the amplitude at the inner bar. Also the perturbation on the outer bar appears in an undulating form, contrary to Experiment 2B, in which a perturbation with a single maximum occurred. The higher outer bar induces more breaking and consequently stronger currents, which are sufficiently strong to cause a perturbation with a significant amplitude on the outer bar. Lowering the crest level of the outer breaker bar, as done in Experiment 2E, obviously does not lead to any development on the outer bar (see the bottom-right panel of Figure 8 ).
Furthermore, the crest level of the outer breaker bar significantly influences the growth rate. Comparing Experiment 2A with Experiment 2E, one can see that lowering the outer breaker bar and keeping the distance between the two bars the same results in a considerable increase of the growth rate. The amount of wave energy that is dissipated on the outer breaker, which was already too small to cause a perturbation on the outer bar, decreases with decreasing outer bar height. Consequently, more energy is available to generate stronger currents on the inner breaker bar, resulting in larger growth rates. Increasing the crest height causes perturbations to evolve on the outer bar as well. For a double-barred coast in which on both the inner and outer bar bed features develop, the perturbations grow less fast compared to the situation in which a perturbation only develops on the inner bar. This can be explained by the fact that wave energy dissipation is more evenly distributed over the bars resulting in perturbations on both bars but with an overall growth rate that is relatively small. One can state that the growth rate depends on the amount of energy dissipated on the separate parts (bars) of the system.
Besides an impact on the spatial structure, variation of w b2 and z c2 has an impact on the shape of the perturbation on the inner breaker bar as well. The perturbation on the inner breaker bar in Experiments 2B and 2D is symmetrical around the crest of the inner bar, whereas in Experiments 2A, 2C and 2E the perturbation on the inner bar is asymmetrical. This suggests that a breaker bar that is sufficiently close to the inner bar or that is sufficiently high can modify the flow pattern around the inner breaker bar in such a way that a symmetrical pattern around the inner bar develops (Experiments 2B and 2D).
CONCLUSIONS
In this paper we studied the linear stability of barred coasts. For single-barred coasts good qualitative agreement between Deigaard et al. (1999) and the present study is found regarding the growth and migration rate curves and the corresponding spatial structure. The wavelength of the fastest growing mode increases with increasing distance between the shore and the crest of the inner bar, which is attributed to the increased effect of inertia of the longshore current due to a larger trough volume. The growth rate itself decreases with increasing distance between the shore and the crest of the bar. We suggested that this is related to the slope of the shoreward part of the bar. Differences in the absolute values of the growth and migration rates and the preferable wavelength can be explained by differences in the sediment transport formulation. The spatial pattern, which did not change with changing wavelength, can be characterized as an undulating pattern. In the cross-shore the largest amplitude evolved at the location of the bar crest, while a smaller amplitude, with opposite sign, grew on the seaward slope of the bar.
The sensitivity of the growth rate and spatial structure of double-barred coasts to the distance between the breaker bars and the crest level of the outer breaker bar has been studied for a fixed alongshore wavelength of 700 m. The development of spatial patterns on the outer bar depends on the distance between the bars and the height of the outer breaker bar. If an outer bar is too low to induce sufficient breaking and hence sufficiently strong circulation patterns, no perturbations will develop on this bar, unless the outer bar is close enough to the inner bar to be influenced by the currents on the inner bar (Experiment 2B). If the outer bar is sufficiently high to create a strong current itself, perturbations on the outer bar will develop. In this case (Experiment 2D), the growth rate of the system is much smaller than the experiments in which breaking on the outer bar is too small to cause patterns on the outer bar. 
